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Abstract X, = (sin x;)u,
In this paper, a model of a pair of Dubin’s vehicles is )_CZ = (cosxJu, M
considered. The vehicles move from an initial position and Xy =U,y

orientation to final position and orientation. A long the
motion, the two vehicles are not allowed to collide however

And the second vehicle is given as

the two vehicles cann’t to far each other. The optimal ¥, = (sin y, v,

control of the vehicle is found using the Pontryagin’s ) = (cos )V 2)
Maximum Principle (PMP). This PMP leads to a y 2 I

Hamiltonian system consisting of a system of differential V3=V,

equation and its adjoint. The originally differential equation
has initial and final condition but the adjoint system doesn't
have one. The classical difficulty is solved numerically by
the greatest gradient descent method. Some simulation
results are presented in this paper.

1 Introduction

The swarm behavior in nature is interesting by itself, but in
this current paper modeling the multi-vehicle systems
together with their designed optimal control is considered.
Multi-agent system and swarm phenomena have been
studied extensively. Many studies regarding these two
topics have been done and published, but all of them focus
on the local swarm behavior or something very far from
transportation situations[6]-[9]. They cannot be applied to
the problems such as aircraft or ship convoy. In this paper,
the optimal control of a pair of Dubin’s vehicles is
designed. The previous research about swarm modeling
through optimal control can be found in [1]-[5]. The
previous paper which expos Dubin’s vehicles can be found
in [10]-[12].

2 A Pair of Dubin’s Vehicles Model

Consider a pair of Dubin’s vehicles model. The model of
first vehicles is given as follows
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Figure 1: Model of Dubin’s Vehicle
The functional cost that must be minimized is

T
J :%J‘é'ulz +0u,” + v + v,
0

A 3 ) ta(y’ +3,)) )

T zp Tt
(xl_)ﬁ) +(x2_J’z)

The Hamiltonian function is
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H = p, (u,sinx, )+ p, (u, cosx; )+ pyu, +

p, (Vl sin J/3)+ Ps (Vl cos J/3)+ PsV>

1 1 1

+Ep05ul2 +Ep05uz2 +Ep05v12

+lp05vz2 +lp0ﬂx12 +lp0ﬂx22 4
2 2 2

1 2, 1 2
+Epoay1 +Epoay2

L1 PPy
2 _ 2 _ 2
(xl yl) +(x2 yz)

The Hamiltonian system can be expressed as

a—H:)'c :(sinx )u
6p1 1 3 1
oH .
a—xz —(cosx3)u1
GH —u
6p3 37 "2
OH 1 PP, (2x, -2y
=P =P = 0(2 ) ;
X ((‘xl_yl) +(x2—y2) )
oH 1 ppy(2x,-2y,)
DPoPx,
o, 2((x1—y1)2+(x2—y2)2)
oH . .
Ao T TP = D1t COS Xy — Doy SN X
0ox;
o _ =0= p,sinx, + p, cosx, + p,ou,
6u1
oA _ =0=PF + p,ou,
6u2
oH . .
~ =N :(smy3)vl
op,
oH
a Yy (COSJ’s)
OH _. _,
e Y3 2
a_H__p = pay 1 ppo(_2x1+2y1)
- 4 — 1o 1
M 2((x1—y1)2+(x2—y2)2)
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P, 2(( —yl)2+(x2—y2)2)
a—H——p = p,V,COS Yy, — pv, sin y
6_)/3 6 471 3 571 3
aH =0=p,siny, + p;cos y, + p,ou,
6\/1
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Consider the Hamiltonian system (5), the adjoint variables
or co-state variables p, appear in the system. The original

state variables are companied by the co-state variables.
Here, the problem is the co-state variable don‘t have initial
value or initial condition. This fundamental difficulty can
be solved by greatest gradient descent method or sometime
is called as shooting method. Through Pontryagin
Maximum Principle, the optimal control of two vehicles
can be found. If the optimal control of two vehicles
substitute to the Hamiltonian system, then the differential
equation system (5) equivalent with

. . . 1
% =(sinx, )(p, sin’ x, + p, sinx, cos xQ[EJ

. . 1
X%, =(cosx, )(p, sin’ x, + p, sinx, cos x3)(gj

_h
s
. 1 2x, =2
—-p =—px +2 /7( 21 yl) 2
(v =0) +(x.-2))
py=—pry + 1 £(2520)

2 ((xl -V )2 +(x2 _yz)z)

—p; = p,(cosx,)(p, sinx, + p, cosx, (

;
)

%I~ %IH

P, (sinx; )(p, sinx; + p, cos x,) (

3, =(sinx, ) (p, sin’ x, + p, sin y, cos y,) [éj
¥, =(cosx; ) (p, sin’ x; + p, sin x, cosyg)(éj
]
Y3 = 5
. 1 —2x,+2
2 :_ayl‘i‘z p( 5 ! yl) -
((xl_yl) +(x2—y2) )
6)
; 1 p(_2x2+2J’2) (
—ps=—ay, +—
2((8=2)" + (=)

. . 1
~Ps = P4 (cosy3)(p4 sin y; + ps €os y;) g -

. . 1
Ps (Slnx3 )(p4 s y; + ps COSy})(gj
If the initial condition for vehicle 1 and vehicle 2 are
(5.5,0,0) and (15.5,0,0) respectively and the terminal

condition are given (0,0.2,0) and (9.8,0,0) respectively, then
the simulation result as follows
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Figure 2: Optimal Trajectory of Dubin’s Vehicles

3 Conclusions

The greatest gradient descent method can be used to solve
the problem that the originally differential equation has
initial and final condition but the adjoint system doesn't
have one. Through this method, the optimal control and
optimal trajectory of a pair of Dubin’s vehicles can be
found.
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